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We present both a theoretical and an experimental study of the long time behavior
of membrane nanotubes pulled from giant unilamellar vesicles by molecular motors.
Experimentally, two types of behaviors are observed, either tubes stall at a finite length
or they undergo periodic oscillations. Theoretically we write the equations for the tube
dynamics as a two-dimensional dynamical system where the variables are the tube length
(or the force required to pull the tube at a given length) and the number of motors at the
tip pulling the tube. We construct stability diagrams showing the stalling and oscillating
states and present an example of oscillations in a non-linear regime. These results can
explain the membrane tube retractions and oscillations observed in living cells.

PACS Number(s): 87.16.Ac, 87.16.Dg, 87.16.Nn
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1. Introduction

Many processes in living cells require the cooperative action of motor proteins.1

While individual molecular motors develop forces of several picoNewtons,2 forces
on the order of tenths or hundreds of picoNewtons are necessary for the generation
of motion at the cellular level. Therefore, motor proteins must work in groups to
produce the required forces for cellular movements. A clear example is given in
intracellular transport, where motor proteins either transport small vesicles or pull
membrane nanotubes.3 Dense networks of membrane nanotubes are formed in-vivo4

and connect different cellular regions.5 In particular, the endoplasmic reticulum is
composed of a highly branched network of membrane tubes.6 We have shown in a
previous work that, in vitro, the dynamical clustering of several motor molecules
at the tip of a membrane nanotube is required to pull a membrane nanotube from
a lipid vesicle.7 The increase of vesicle membrane tension induced by nanotube
growth is small for short membrane nanotubes.7 However, for long single nanotubes
or for large tube networks, the increase of the vesicle tension is essential and leads
to several dynamical regimes that are associated to the collective motor dynam-
ics. The dynamics of long membrane nanotubes and tube networks can explain
the membrane tube retractions and oscillations observed in vivo,8 as well as the
stall in network growth at a particular network size.11 Moreover, the increase in
membrane tension leading to the stall of nanotube growth may constitute a reg-
ulatory system to control the overall size of the endoplasmic reticulum in living
cells.

In this paper, we describe, both experimentally and theoretically, the dynamics
of membrane nanotube extraction by processive molecular motors and show the
existence of non-linear oscillations due to the force-dependent motor detachment
kinetics. We determine the possible dynamical regimes of the system and find that
membrane tubes may either stall at a certain length or oscillate between minimal
and maximal lengths. Both the oscillating regime and the stall regime are observed
in our experiments.

2. Experimental Set Up

The experimental setup is similar to the one described in details in Ref. 7. Giant
unilamellar vesicles (prepared as in Ref. 9) are biotinylated and coated with biotiny-
lated conventional kinesin proteins (HA tagged-KinBio401 purified as in Ref. 10
and Footnote a) through streptavidin molecules (purchased from Pierce Biotechnol-
ogy). Kinesin motors are permanently attached to the membrane through their tail
domain, and can bind/unbind microtubules via their motor domain. The initial vesi-
cle tension σ0 is controlled by setting the osmotic pressure difference between inside
and outside the vesicle. The initial motor density on the vesicle surface (denoted by

aPlasmid has been kindly provided by F. Nédélec, European Molecular Biology Laboratory,
Heidelberg.
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ρ∞ in this paper) is fixed by the amount of biotinylated lipids which compose the
vesicle. The membrane is observed by fluorescence microscopy by adding 1mol%
of a fluorescent lipid (dihexadecanoylphosphatidylethanolamine-Texas Red from
Molecular Probes) in the lipid mix used to prepare the vesicles (majority of egg
phosphatidylcholine and from 0 to 1% of dioleylphosphoethanolamine-Cap-Biotin
from Avanti Polar Lipids). A Zeiss microscope (Axiovert 135) with a standard CCD
camera (monochrome Pulnix 1/2” with an acquisition rate of 25 images/s) is used
for imaging. The kinesin coated vesicles (in presence of 1 mM ATP in solution)
sediment on a network of taxol-stabilized microtubules fixed on a glass surface.
When kinesin motors bind microtubules, they walk towards the plus end, deform
the vesicle membrane and, under certain conditions, pull membrane tubes (Fig. 1).
Approximately 30 minutes after the injection of the vesicles in the chamber, we
observe a very spread membrane tube network (Fig. 1(b)) and two types of behav-
iors. In most cases, the membrane tubes simply stall at a certain length (95 percent
of the cases for about 100 vesicles observed). However, in some cases, the length of
single tubes oscillates between two values, displaying nonlinear oscillations in tube

Fig. 1. System geometry. (a) Confocal side-view of a tube extracted from a vesicle in conditions
described in the text. Bar, 10 µm. (Adapted from Ref. 7) (b) Confocal top-view of a typical
membrane tube network. Bar, 10 µm. (c) Sketch of a growing membrane tube (yellow) along a
microtubule (green). The motors attached to the membrane can be either bound (blue and red)
or unbound (green) from the MT. When bound far from the tip (blue), they move at velocity V0

and detach at a rate k0
u. Unbound motors reattach to the tube at a rate kb. The bound motors

sustaining the tube force F at the tip (red) detach at a force-dependent rate ku. The growth
velocity of the tube is L̇, with L being the tube length.
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length (5 percent of the cases), which are characterized by a slow growth phase and
a fast retraction phase. In both regimes the overall length of the tube network no
longer grows after the individual tubes reach one of these two regimes, as reported
previously in Ref. 11.

The mechanism by which kinesin motors pull a membrane nanotube is sketched
in Fig. 1(c). The motors distributed along the tube attach to and detach from the
microtubule with rates kb and k0

u respectively. When attached to the microtubule,
the motors at a linear density ρb move with a velocity V0. Both the detachment
rate k0

u and the velocity V0 are properties of motors under vanishing external load
(kb � 5 s−1 and V0 � 0.6 µm/s,7 k0

u � 0.5 s−1 13). Each motor feels the drag force
that arises from the motion in the fluid lipid membrane to which it is attached. This
force is smaller than 10−1 pN 7 for the observed tube velocities and thus negligible
as far as motor movement is concerned. However, the cumulative contribution of the
drag force that all bound motors create may be important, as discussed below. At
the tip of the tube, the motors apply normal forces to the membrane which are large
enough to extract a membrane nanotube out of the vesicle. Because the velocity
of kinesin motors decreases with applied loads opposing the motor motion,12 the
motors pulling the tube at the tip are slower than those moving along the tube,
leading to a dynamical accumulation of motors at the tip.7 This group of motors at
the very tip of the membrane tube is responsible for the generation of the necessary
force to sustain the tube and impedes its retraction.

In the next section we derive the dynamic equations of a membrane nanotube.
The various dynamical regimes of a nanotube are obtained by a linear stability
analysis of these equations in Sec. 4 and the non-linear behavior is briefly discussed
in Sec. 5.

3. Kinetics of Nanotube Growth

Before describing the combined dynamics of the motors and the membrane nano-
tube, we recall results on the force F required to pull a tube of length L from a
vesicle. When a single tube is pulled out of a vesicle, the overall projected area of the
vesicle increases with respect to the area A0 of its initial spherical state, while the
volume of the system remains constant. In order to fulfill these two requirements,
the vesicle tension increases. The excess area δA/A0 due to a nanotube of length L

and radius r being extracted from a vesicle of initial radius R0 is δA/A0 = rL/2R2
0.

For low vesicle tensions, the required additional area for tube formation comes from
the unfolding of membrane fluctuations (entropic regime) and the vesicle tension,
σ, depends exponentially on the excess area. In the case of tensed vesicles the
microscopic stretching of the membrane dominates (elastic regime) and the vesicle
tension scales linearly with the excess area.14 For given membrane tension, σ, and
bending rigidity, κ, the static force needed to pull a tube is F = 2π

√
2κσ, and its

radius is r =
√

κ/2σ.15 In the case of a vesicle in the entropic regime, this argument
leads to the following relation between the force F required to sustain the tube and
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its length L:

L

Lc
= 2

F

F0
ln
(

F

F0

)
, (1)

where Lc = KBTR2
0/4πκr0 is the characteristic length scale at which the increase

of the force becomes significant (with F0 = F (σ0) and r0 = r(σ0)). For the vesicles
in our experiments (R0 ∼ 10µm and F0 ∼ 10 pN) the force increase is noticeable for
tube lengths larger than about 30 µm. Note that if several tubes are pulled from the
same vesicle (tube network, Fig. 1(b)), the relevant length is the sum of all tube
lengths and the increase of tension may become important very quickly. When
the vesicle is already initially tensed (σ0 ∼ 10−4 N/m), the membrane stretching
dominates the tension increase. In this case, the force F necessary to sustain the
tube is given by

L

Lel
c

=
F

F0

[(
F

F0

)2

− 1

]
, (2)

where Lel
c ≡ R2

0F
3
0 /(8π3κ2Ka) (Ka being the elastic rigidity) is the characteristic

length in the elastic regime. Both entropic and elastic behaviors have been observed
experimentally by pulling long tubes from an adhered vesicle using optical tweez-
ers.16 The tube can thus be seen as a nonlinear spring acting on the motors that
collectively pull at its tip.

The motors clustered at the tip of the tube apply a total force FM to pull the
tube and any variation in tube length leads to a friction force FF . Assuming for
simplicity that the force necessary to pull the tube is not affected by the friction
along the tube,b the force balance at the tube tip reads

FM − F (L) + FF = 0. (3)

The tube motion is opposed by the hydrodynamic friction of the tube with the
surrounding fluid. Knowing the viscosity η of the surrounding fluid, we estimate the
order of magnitude of the hydrodynamic friction force as 2πηLL̇, with L̇ ≡ dL/dt

being the tube velocity. This force can only be relevant for the dynamics of the
tube if it is of the order of the force required to pull a nanotube. Using the typical
value F ∼ 20 pN and knowing the measured value of the tube velocity during a
tube retraction (∼ 100 µm s−1; see below and Ref. 17), this friction force is only
relevant if the tube length is in the range of several hundreds of microns. In fact,
the hydrodynamic friction is small compared to the fluid-like drag force, FF,M , due
to the relative motion between the bound motors and the membrane nanotube,
which can be written as

FF,M = ξmL(V0 − L̇), (4)

bA more detailed analysis should account for the variation of the tube force along its length due
to local friction forces along the tube.
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where ξm = ρbKBT/D is the motor friction coefficient per unit length (D being
their diffusion constant), and ρb the density of bound motors along the tube. During
tube growth (0 < L̇ < V0) or in cases where the tube stalls (L̇ = 0), the drag force
due to the motors along the tube is in the direction of tube growth, meaning that
the motors contribute to pull the tube with a force of order ∼ ξmLV0. Using typical
values of the motor density ρb and of the force required to pull a nanotube,7 this
term is only important for tube lengths larger than 100 µm. Note that for tube
lengths larger than this length scale, the cumulative drag force of the motors along
the tube could be large enough to pull the tube by itself, meaning that the tube
could grow until inducing the implosion or burst of the vesicle. This situation is
normally avoided due to the simultaneous growth of many tubes from the same
vesicle, which induces a fast increase in the vesicle tension that leads to tube stall
or retraction before reaching the length scales at which implosion would eventually
occur.

The relevant length scale in the system is the characteristic length Lc at which
the tube force increase becomes relevant, which is about 30 µm in our experiments
(see above). Therefore, friction effects can be safely neglected during tube growth
as long as the tube length does not reach values larger than 100 µm; in this case,
the tube force is balanced by the force of the motors at the tip, so that FM =
F (L), as previously described in Ref. 7. On the other hand, when the tube retracts
back to the vesicle, the tube velocity is much larger (L̇ ∼ 100 µm s−1) and the
friction of the motors along the tube is not only relevant but essential. Indeed, tube
retraction occurs because the number of motors pulling the tube at the tip is too
small and the force FM is not large enough to sustain the tube. In this case, the
tube elastic force is mainly balanced by the friction force. As friction is only relevant
for large tube velocities |L̇| � V0, force balance (Eq. (3)) can be written in a first
approximation as

ξmLL̇ = FM − F (L). (5)

The last equation states that for motor forces FM larger than the tube force F (L),
the tube grows, whereas if the motors at the tip cannot apply large enough forces
to sustain the tube (FM < F (L)), the tube retracts.

The motor force, FM , results from the collective action of a number nb of bound
motors at the tip (Fig. 1(c)). Each motor in the motor cluster at the tip applies an
average force fm. Assuming that the motors are independent from one another, the
total motor force at the tip reads FM = nbfm. The motors at the tip move with a
force-dependent velocity, V . We approximate here the force-velocity relation by a
linear law V = V0(1 − FM/nbfs).18 Although the force-velocity relation for motors
pulling collectively on fluid membranes may differ from the linear approximation
used here,19 this does not modify our qualitative results. At the mean-field level,
the velocity of the tube L̇ corresponds to the velocity of the motors pulling the tube
at the tip, so that L̇ = V . Rewriting the force balance (Eq. (5)) with the explicit
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dependence of the motor force FM on the tube velocity L̇ yields

L̇

V0
=

nb − F (L)
fs

nb + ξmV0L
fs

. (6)

There are two limiting cases in the last expression. If the number of motors at
the tip nb is large enough, the force sustained by each motor is almost negligible
and L̇ → V0. On the contrary, when the motors at the tip are not able to sustain
the applied force (nb → 0), the tube retracts with a length-dependent velocity
L̇ = −F (L)/ξmL.

In order to fully describe the dynamics of the tube we must account for the
dynamics of the bound motors at the tip,7 which can be written, from conservation
arguments for the bound motors, as

dnb

dt
= Jb − kunb, (7)

a where ku and Jb are the detachment rate of the motors at the tip and the flux of
bound motors reaching the tip (expressed in the tube reference frame), respectively.
The reattachment flux of motors at the tip is typically smaller than the other
fluxes and is neglected here. As the motors at the tip sustain the tube force, their
detachment rate is affected by the load that they support. Kramers theory20 relates
the detachment rate, ku, of a motor at the tip to the force fm that it exertsc: ku =
k0

u exp(fma/KBT ) (a being the length scale that characterizes the position of the
energy barrier between bound and unbound states of a motor on the microtubule;
for conventional kinesin motors a � 1.3 nm 21). The flux of bound motors reaching
the tip, Jb, is given by Jb = (V0 − L̇)ρb, and depends on the value of the bound
motor density ρb at the tip. Although the motor density depends on the position
along the tube and is larger in the vicinity of the tip,7 for the sake of simplicity, we
assume here a uniform density of bound motors along the tube. At leading order,
the bound motor density along the tube is related to the surface density of motors
on the vesicle by the chemical equilibrium between binding and unbinding, so that

ρb = 2πrρ∞
kb

kb + k0
u

=
4π2κρ∞
F (L)

kb

kb + k0
u

, (8)

where the dependence of ρb on the tube force F (L) arises from the dependence of
the tube radius r on the membrane tension σ.

This simplified description of the bound motor density along the tube decouples
the dynamics of the motors along the tube and of motors at the tube tip, and
Eqs. (6) and (7) above can be viewed as a two-dimensional dynamical system for
the variables nb and L. As there is a one-to-one correspondence between the tube
length L and the tube force F , we use nb and F as variables. Scaling the tube
length with the processivity length of the motors lp ≡ V0/k0

u, so that L̃ = L/lp,

cThe force applied on each motor corresponds to the force it performs by the action-reaction law.
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the relation between the normalized tube force F̃ ≡ F/F0 and L̃ can be written
as L̃ = βg(F̃ ), where β ≡ Lc/lp is the ratio between the characteristic length
scale Lc of force variation and lp, and g(F̃ ) is the function that defines how the
dimensionless tube length L̃ increases with the normalized force F̃ . For a vesicle in
the entropic regime, g(F̃ ) = 2F̃ ln(F̃ ) (Eq. (1)), whereas for a vesicle in the elastic
regime, g(F̃ ) = F̃ (F̃ 2 − 1) (Eq. (2)). Defining the normalized number of bound
motors at the tip as ñb ≡ nbfs/F0, the dynamics of the system is given by

dñb

dτ
=

γef

F̃

F̃ + ñξ(F̃ )
ñb + ñξ(F̃ )

− exp

(
f

F̃ + ñξ(F̃ )
ñb + ñξ(F̃ )

)
ñb,

dF̃

dτ
= A(F̃ )

ñb − F̃

ñb + ñξ(F̃ )
, (9)

where τ ≡ k0
ut and f ≡ fsa/KBT is a dimensionless parameter that quantifies the

influence of the force on motor detachment. The parameter γ, defined as

γ ≡ 4π2κlpfse
−f

F 2
0

kb

kb + k0
u

ρ∞, (10)

is a dimensionless initial surface density of motors on the vesicle. Finally, the func-
tions ñξ(F̃ ) and A(F̃ ), which characterize the effects of friction and force increase
respectively, are given by

ñξ(F̃ ) ≡ γef ξ̃β
g(F̃ )
F̃

and A(F̃ ) ≡
[
β

dg(F̃ )
dF̃

]−1

, (11)

where ξ̃ ≡ KBTV0/Dfs corresponds to the ratio of the motor friction KBT/D and
the friction fs/V0.

The dynamical system in Eq. (9), together with the definitions of the para-
meters involved, fully specify the dynamics of the nanotube with four dimensionless
control parameters: γ, β, ξ̃ and f . While ξ̃ and f are intrinsic motor parameters,
the value of γ can be varied by changing the motor density ρ∞, and β can be
changed by varying the characteristic length Lc, which depends on the initial vesicle
radius, R0.

In order to identify the different dynamical regimes, we perform a stability
analysis of the dynamical system in Eq. (9). There is a single fixed point {ñc

b, F̃
c},

given by

ñc
b =

√
γ, F̃ c =

√
γ, (12)

that corresponds to the situation in which the tube velocity strictly vanishes (L̇ = 0,
or Ḟ = 0 equivalently) and the flux of bound motors reaching the tip exactly
balances the motor detachment flux at the tip, so that dnb/dt = 0. There are not
always solutions of Eq. (12). In particular, as the tube length must be larger than
zero, the value F = F0 corresponding to vanishing tube length, sets a minimal value
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of γ below which tubes cannot be extracted from the vesicle. This threshold value
is given by F̃ c = 1 which corresponds to γ = 1 or, equivalently,

ρ∞ =
F 2

0

4π2κlpfse−f

kb + k0
u

kb
≡ ρmin

∞,2 . (13)

For motor densities ρ∞ below ρmin
∞,2 the motors cannot pull tubes out of the vesicle.

The existence of a threshold is due to the fact that the number of motors at the
fixed point, ñc

b (Eq. (12)), is not able to generate large enough forces to pull the
tube even for the minimal value of the tube force, F0, i.e. ñc

bfs = F0 at threshold.
It is convenient to rewrite the parameter γ, using both Eqs. (10) and (13), as
γ = ρ∞/ρmin

∞,2 .
We now study the stability at the linear level. The linearized dynamics for the

perturbations δñb ≡ ñb − ñc
b and δF̃ ≡ F̃ − F̃ c close to the fixed point read

d

dt

(
δñb

δF̃

)
= Λc

(
δñb

δF̃

)
. (14)

The matrix Λc defined by

Λc =


ef (f−2)F̃ c−ñξ(F̃ c)

F̃ c+ñξ(F̃ c)
−ef fF̃ c+ñξ(F̃ c)

F̃ c+ñξ(F̃ c)

A(F̃ c)

F̃ c+ñξ(F̃ c)
− A(F̃ c)

F̃ c+ñξ(F̃ c)


 , (15)

specifies the linearized dynamics of the nanotube around the fixed point, and the
stability is controlled by the real part of its eigenvalues. The eigenvalues can be
expressed in terms of the trace, Tr(Λc), and determinant, Det(Λc), which are given
respectively by

Tr(Λc) =
ef [(f − 2)F̃ cñξ(F̃ c)] − A(F̃ c)

F̃ c + ñξ(F̃ c)
,

Det(Λc) =
2efA(F̃ c)

F̃ c + ñξ(F̃ c)
. (16)

The determinant is always positive because the tube force is an increasing function
of the tube length, so that dg(F̃ c)/dF̃ > 0 (A(F̃ c) > 0), and the stability of the
fixed point is entirely controlled by Tr(Λc). When Tr(Λc) < 0 the fixed point is
stable, meaning that the membrane nanotube grows until a length L = Lcg(

√
γ)

and stalls. Any small perturbation, either in the number of bound motors or on
the tube length, relaxes back to the fixed point value. On the other hand, when
Tr(Λc) > 0 the fixed point is unstable, and any perturbation drives the system
away from the fixed point. The transition from stable to unstable regimes is given
by Tr(Λc) = 0, which leads to

(f − 2)F̃ c = e−fA(F̃ c) + ñξ(F̃ c). (17)

The linear dynamics does not allow to identify the presence of a limit cycle and,
therefore, of sustained oscillations. We show below by integrating the full non-
linear dynamics that the transition from stable to unstable states at linear level,
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corresponds to a transition from stable to oscillatory states (Hopf bifurcation). For
f < 2 there are no solutions to the last equation, and the system is always stable
(Tr(Λc) < 0). On the contrary, for f > 2 there may exist unstable oscillatory
regimes. The system becomes unstable when the flux of bound motors reaching the
tip is not able to compensate the motor detachment flux, leading to the detachment
of all motors at the tip and the retraction of the tube.

It was shown in Ref. 7 that for a given initial tension σ0, short tubes that do
not create an increase of the vesicle tension cannot be pulled from a vesicle if the
motor density on the vesicle is not above a critical motor density. The analysis
in Ref. 7 establishes two scenarios for the threshold: (i) The “flux limited regime”,
which occurs for f > 2, states that below a certain minimal motor density no tubes
can be pulled at finite velocity from the vesicle. The instability in this case arises
from the impossibility of balancing the detachment flux of motors at the tip with
the flux of motors reaching the tip. (ii) The “stall regime”, which occurs for f < 2,
states that no tubes can grow from the vesicle below a certain critical motor density
simply because the motors at the tip cannot generate large enough forces to pull a
tube with finite velocity, although the fluxes of motors at the tip can be balanced.

Here we review and extend those findings. For f < 2 the system is always
stable (Eq. (17)), meaning that the flux of motors reaching the tip is always able
to balance the detachment flux of motors at the tip. In this case, we have shown
above that there exists a threshold (Eq. (13)) due to the fact that the motors
at the tip are unable to apply large enough forces to pull a tube. Note that this
result is obtained at vanishing tube velocity, as this condition is fulfilled by defi-
nition at the fixed point. The obtained threshold corresponds exactly to the “stall
regime” in Ref. 7. When f > 2, and above the threshold value ρmin

∞,2 (Eq. (13)),
there may be unstable states that lead to oscillations in tube length and even
to the full retraction of the tube. The instability comes from the fact that the
fluxes of motors cannot be balanced at the tip, as for the “flux limited regime” in
Ref. 7. Indeed, the threshold obtained in Ref. 7 for the “flux limited regime” corre-
sponds to a transition to oscillatory states for a tube force increasing with the tube
length.

4. Dynamical Regimes

The possible dynamical regimes of the system depend on the four dimensionless
parameters: γ, β, ξ̃ and f . Using the experimental values for D, V0 and fs (see
Ref. 7 and references therein), it is possible to estimate the dimensionless motor
friction ξ̃. We find ξ̃ � 4.1×10−4. In a typical experiment, there are several vesicles
in the same observation chamber with different radii, R0, ranging approximately
from 1 µm to 15 µm. Moreover, the initial surface density of motors on the vesicle,
ρ∞ can be varied in the experiments. Therefore, we analyze the dynamical regimes
of the system as a function of γ and β, corresponding to variations in ρ∞ and R0

respectively. Although the parameter f can also be estimated from fs and a to be
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f � 2, we vary it slightly around this value to study its effect on the dynamical
regimes.

In Fig. 2(a) we plot the various dynamical regimes for f = 2.03 as a function
of the parameters γ = ρ∞/ρmin

∞,2 and β, for vesicles in the entropic (Fig. 2a.1) and
elastic regimes (Fig. 2a.2). For large values of the surface density of motors ρ∞
(ρ∞ � ρmin

∞,2), stable states are predominant. The transition between stable and
oscillatory regimes corresponds to a Hopf bifurcation and is given by the solution
of Eq. (17). Oscillations are more likely to occur close to the threshold for tube
formation and correspond, in most cases, to the full retraction of the tube back to
the vesicle and the subsequent initiation of tube growth. Above the minimal motor
density allowing tube extraction both stable and oscillatory states typically exist.
For small enough and large enough values of β, tubes are stable. In an interme-
diate range of β, the tube oscillates. This feature is in qualitative agreement with

Fig. 2. Dynamical regimes as a function of the parameters γ = ρ∞/ρmin
∞,2 and β = Lc/lp. In

all cases the dimensionless motor friction parameter is ξ̃ = 4.1 × 10−4, which corresponds to the
experimentally measured value. The figures on the left correspond to a vesicle in the entropic
regime, so that g(F̃ ) = 2F̃ ln(F̃ ), and those on the right correspond to a vesicle in the elastic
regime, i.e. g(F̃ ) = F̃ (F̃ 2 − 1). (a) Dynamical regimes for both entropic (a.1) and elastic (a.2)
regimes of the vesicle and f = 2.03. (b) Dynamical regimes for both entropic (b.1) and elastic
(b.2) regimes of the vesicle and various values of f : f = 2.02 (continuous line), f = 2.03 (dashed
line) and f = 2.5 (dashed-dotted line). Note the strong dependence of the size of the oscillatory
region on f .
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the experimental observations for vesicles with a motor density slightly above the
threshold value (ρ∞ � ρmin

∞,2), as the oscillatory behavior was never observed for
very small (R0 � 1 µm) or very large (R0 � 15 µm) vesicles.

Below the threshold in motor density for nanotube formation, oscillations in the
vesicle shape are also observed. Although the motors are not able to pull membrane
tubes below threshold, the vesicle is deformed due to the action of the motors as
shown on Fig. 3. The force acting on the motors increases as the vesicle is increas-
ingly deformed. When the force acting on the motors is too large, the motors pulling
at one point of the vesicle detach and the vesicle relaxes. These oscillations in vesi-
cle shape below threshold can be qualitatively understood by the same instability
mechanism described here for the oscillations in tube length.

The oscillatory region in the parameter space depends strongly on the parameter
f , for vesicles in both the entropic and elastic regimes (Figs. 2b.1, b.2 respectively).
As discussed above, for f < 2 there is not oscillatory region at all (Eq. (17)),
and the size of the oscillatory region rapidly increases as f increases above f = 2.
The existence of oscillations in the experiments suggests that f > 2, correspond-
ing to fsa > KBT . Using the experimentally measured values of fs � 6 pN and
a � 1.3 nm for conventional kinesin motors,18, 21 one obtains f � 2. Recent exper-
iments on conventional kinesin report larger values of the stall force, fs � 7
pN,22, 23 that lead to f � 2.2. Unfortunately, a quantitative characterization
of the oscillations has been proved difficult experimentally. Indeed, tube oscilla-
tions are rarely observed, suggesting that the oscillatory region in the parameter

Fig. 3. Vesicle below the threshold for tube formation deformed by molecular motors. The shape
of this vesicle oscillates periodically in time but the vesicle does not form any tube. On each image
the time is in seconds. Bar 5 µm.
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space is small, in accordance with our predictions for values of f close to f = 2
(Fig. 2).

5. Non-Linear Oscillations

If the motor density on the vesicle is larger than the threshold value, nanotubes can
be extracted from the vesicle. As discussed above, when the fixed point is stable,
the nanotubes grow and eventually stall at a length L = Lcg(

√
γ). On the contrary,

when the fixed point is unstable any perturbation drives the system away from the
fixed point. The dynamics of the system in the unstable regime is governed by the
full non-linear original dynamical system (Eq. (9)).

Numerical integration of the dynamical system (Eq. (9)) in the linearly unstable
regime leads to sustained oscillations of the nanotube length (Fig. 4(c)), in good
qualitative agreement with the experimental observations (Figs. 4(a), 4(b)). The
oscillations consist in a slow growth phase and a fast retraction phase separated
by a rapid switch. Indeed, the motor attachment and detachment kinetics sets the
time scale for the switching between growth and retraction phases, and is much
shorter than the characteristic time scale of nanotube growth. This difference in
time scales explains the sawtooth shape of the oscillations.

The origin of the oscillations relies on the interplay between the collective force-
dependent detachment of motors at the tip and the variation of the tube elastic
force with its length. Once the tube is pulled out of the vesicle, the tube growth
induces progressively an increase of vesicle tension. As a result, the motors at the
tip must overcome increasing forces upon tube extraction. At some point, the force
becomes too large and the detachment events at the tip cannot be equilibrated by
the flux of motors reaching the tip, leading to a sudden loss of motors (Fig. 4(d)).
In the absence of motors to pull the tube, it retracts suddenly until a point where
the force is low enough to allow again for nanotube growth.

The tube velocity in the growth phase corresponds approximately to the max-
imal motor velocity V0. During a retraction, the velocity of the tube is very large,
because the friction along the tube is small. Although it is not possible to measure
such large velocities in our experiments, we can determine a lower bound for the
absolute value of the retraction velocity of |L̇| = 50 µm/s. This value is consistent
with the measured values of tube retraction velocities at similar values of the vesicle
tension.17

While we use the values of all known parameters, the values of the vesicle radius
and ρ∞ used to perform the numerical integration do not necessarily correspond
to those in the experiments. Moreover, the dynamical system in Eq. (9) is very
stiff, and its numerical integration requires the addition of an artificial contribution
ñ0

ξ to the friction parameter (ñξ → ñξ + ñ0
ξ) in order to slow down the retrac-

tion phase. While this method reduces the stiffness of the dynamical system and
allows its numerical integration, it also modifies the dynamics of the retraction.
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Fig. 4. Oscillations of a membrane tube. (a-b) Example of the tube oscillations observed exper-
imentally. (a) Time lapse sequence of an oscillating tube observed with fluorescence microscopy.
The contrast is inverted in the image for clarity. The numbers in the image represent times in
seconds. Bar, 3 µm. (b) Length of the tube as a function of time for the oscillating tube in (a),
obtained by determining the position of the tube tip in each frame. (c-d) Numerically obtained
time evolution of the tube length (c) and number of bound motors at the tip (d), in the unstable
regime. Parameters: γ = 7.3, ξ̃ = 4.1 × 10−4, f = 2.3 and β = 1.73. The time scale is set by
k0

u = 0.42 s−1, the length scale by lp = 1.43 µm and the scale for the number of bound motors
by F0/fs = 3.3. An extra constant contribution to friction (ñξ → ñξ + 0.55) was added to avoid
numerical problems due to the stiffness of the equations.
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In particular, the amplitude and period of the oscillations are affected by the value
of ñ0

ξ.

6. Concluding Remarks

The essential result of this work is the existence of an oscillating behavior of mem-
brane nanotubes pulled by molecular motors from a vesicle. These oscillations result
from the collective behavior of the cluster of molecular motors pulling the nanotube
at its tip. The tube growth creates an increase of the tension of the vesicle and there-
fore an increase of the force that the motor cluster must exert to pull the tube. If
the tension is too high, the incoming flux of molecular motors towards the tip is
not sufficient to create a large enough cluster to exert the force necessary to pull
the tube. The nanotube becomes unstable and relaxes to a length where the force
can grow again due to the formation of a large enough cluster at the tip of the
nanotube.

The oscillation mechanism which we propose to explain these oscillations is very
generic and it is likely to be at work in many system where ensembles of processive
motor proteins act collectively. Similar explanations have already been suggested
for the oscillatory behavior observed in different situations in living cells.25–27
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